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MAXIMAL SUBSPACES OF BESOV SPACES
INVARIANT UNDER MULTIPLICATION BY CHARACTERS!
BY
R. JOHNSON

ABSTRACT. Unlike the familiar L? spaces, neither the homogeneous Besov
spaces nor the H” spaces, 0 < p < 1, are closed under multiplication by the
functions x — e<**>. We determine the maximal subspace of these spaces
which are closed under multiplication by these functions, which are the
characters of R".

In this paper we investigate the maximal subspaces of Besov spaces
invariant under multiplication by characters. The usefulness of such a study is
related to applications to multipliers. Translation invariant operators from
L?(R™) into LY(R") are generally characterized by two kinds of
properties—smoothness properties and growth restrictions. The smoothness
properties are most naturally expressed in terms of the Besov spaces. The
convoluteurs from H?(R") into HY(R") for 0 < p < 1 € g < oo satisfy
smoothness conditions of positive orders which already imply growth
conditions by the Sobolev theorem. In this case one finds Co(H?, H?) =
B1/P=D [10]. The smoothness part of this result remains valid for p > 1 but
it no longer implies a growth condition and we should expect the inclusion
Co(H?, H%) c B[<}/?=" to be a proper inclusion in this case. One approach
to imposing growth conditions is to note that while elements of B, Bj,, may
grow at infinity, they must grow in a regular way. If we ask that a dlstrlbution
be in By, after multiplying by any oscillating function such as e’*, we
should eliminate the functions that grow at infinity. This leads to the problem
that we pose in this paper: Characterize the distributions T € B"‘ such that

e ™mT € B2 for all h € R". Since Co(L”, L9) is known to be invariant
under such multlphcatlon [7], we improve the inclusion for translation
invariant operators. It should also be noted that the subspaces defined in such
a way have interesting functorial properties in relation to duality, inter-
polation and so forth. The behaviour we find is in marked contrast to the
situation for the inhomogeneous Besov spaces, where e/*»T € By, for any
T € B,,. This follows from the results of Murata [14] and the fact that
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e*h> ¢ B for any h € R" and any a real.

Since the Fourier transform maps the Besov spaces into spaces which
generalize the convolution algebras of Beurling [5], [6] and sends multi-
plication by e“**> to translation by h, we will also study subspaces of these
spaces invariant under translation. We give several applications, including an
intrinsic characterization of inhomogeneous Besov spaces in terms of homo-
geneous Besov spaces, a characterization of the Fourier transform image of
the Morrey spaces, the positive part of the solution to an old problem of
Peetre’s and a proof of the nonexistence of nonnegative elements of Bp‘; for a
sufficiently negative.

0. Notation. The notation will be standard. Define L?(R") in the usual way
for 0 < p < o0, and let ¢ €S be a rapidly decreasing function such that
J¢(x) dx = 1. Set ¢,(x) = ¢t~ "¢(xt~"). Given a tempered distribution f € §’,
set

u(x, 0y =f*é, = (f d(x —»))
and
u™ (x) = sup |u(x, t)|.
>0

It was shown in [4] that f € HP(R"), 0 < p < oo, iff u* € LP(R") and
Nfllge = llut|lrs 0 < p < 0. It is well known that H? is isomorphic to L?
in the case 1 < p < co. The proper interpretation of H* is the space BMO
which will be defined below.

Both homogeneous and inhomogeneous Besov spaces will be used. Let 7,
denote the translation operator and A, the first difference operator, defined
respectively by 7,f(x) = f(x —h)and A f=(r_, - Df f0<a <], 1<
p,q < oo, fE Bp‘; iff (J(IIALSNl,/|hI*)?|h|~"dh) is finite (with the obvious
interpretation if p or ¢ = o). For an arbitrary real number a, the homo-
geneous Besov spaces are defined by the Riesz potentials. The Riesz potential
of order B is the closure of the operator defined on a dense subset of &' by

RBF(8) =&~ *f®).
Here we take as the definition of the Fourier transform

Ff©) =F @) = [em f(x) dx,

for f € S, extended by duality to §’, and x € R", £ € R", {x, £ = x,§;
+ -+ + x,§,. The definition of B;; for a arbitrary is accomplished by
RBBP‘; = Bp",‘,“ﬁ. There is no global restriction on the growth of an f € B, ;
for p = ¢ = 2 and a nonnegative integral, this is the class of functions such
that all their derivatives of order « are in L? with no condition on the
function itself. The elements of Bp‘; are actually equivalence classes modulo
polynomials.
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The inhomogeneous Besov spaces are defined by imposing a global
restriction on f; f € B, iff f € L” N B, for a >0, and for a < 0, the
spaces are generated by the Bessel potentials

J#By = By*b,
where
TE@® = (1 +16P) "R ®).

an of our main results will give an intrinsic characterization of By, in terms
of B, for a > 0.

The Fourier transform image of B, is in K if 1 < p < 2, where we can
define
1/q

<o

© q/p
0 — P
K5 = 1 f| f measurable, [_Zw (f2k<|yl<2k+.|f()’)| abz)

(with the usual interpretations if p or ¢ is o). For general a, if v(x) = b,|x|"
is the volume of a ball of radius |x| centered at 0, we have f € K iff
foo/r € Igg. These spaces will be shown to be related to the Morrey-Stam-
pacchia spaces L?*. A measurable function belongs to L?* if for any x € R",
r > 0, 3a,, such that

Jo 10 - af & < ar,
B(x,r)

where B(x, r) is the ball of radius r centered at x, and A4 is independent of x
and r. The indices satisfy 1 < p < 00, 0 K A < n + p. It is known that
LP® = LP(R™), LP" is independent of p and is the John-Nirenberg space
BMO of functions of bounded mean oscillation, and for n <A < n + p,
[P = Bg;n)/l’.

Our application of the results we derive will be to convoluteurs and we
denote

Co(X,Y) = (K|f€EX,K+f € Yand |K * f| < C| ]}
and for multipliers
M(X,Y)={K|K € Co(X,Y)},
and generally
Fx ={f|fex),

so that

M(X,Y) = FCo(X, Y).
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It should be noted that if a space X is not invariant under multiplication by
e“*?_there is an obvious way to construct the maximal subspace of X which
is invariant by simply setting

A = {f € X|e"""f € X,Vh € R"}.
However, without some idea of the behavior of the norm of e“** f as a
function of h, it cannot be asserted that AX is closed under the induced
topology. On the basis of the behavior of the norm in familiar spaces, one
expects that there will be a bound of the form ||e“**f||, < C||f||x, with C

independent of A. This is not the case for all spaces, and we are forced to use
alternative bounds. We thus make the following definitions: for a > 0,

nBg = {f € By|e’™"f € By, Vh € R",
with B2 (e"®"f) < C(A(f)|h" + BZ(S))},
while for & < 0, and for all other spaces X considered in this paper,
B2, = (f € Bale’™"f € B, Vh € R,
with B%(e"*®f) < CBZ(f)},
7X = {f € X|e"™"f € X,Vh € R", |e’*"f||, < C| fllx }-

In this paper, invariance under translation is studied only for negative indices
and hence we always consider

X={(fEX|nfEX, VRER" |nfly< C|flx}-

1. Results for homogeneous Besov spaces. For a > 0 the property of
invariance under f— fe ™" characterizes the inhomogeneous Besov spaces
as subsets of the homogeneous Besov spaces. For a < 0 this cannot be true
since By, C By if « <O0.

THEOREM 1.1. Let a > 0, 1 < p,q < oo. Then one has pr‘; = B,,.

ProOF. The proof will be by induction on the integer m such that m < a <
m + 1. Consider the case 0 < a < 1 and assume that f € By, (the casea =1
requires a separate argument). From the identity

A"(fer,h)) = (Anf)ei<x+n,h> + f(x)A,,(er’D),

it follows that

|A,(fe'“P)| <|A,f(x)| + 4| f(x)|min (|n] |A], 1)-
We calculate the By, norm of ¢“** f by taking the L? norm of the above

expression with respect to x, dividing by |n|* and taking the L7 norm of the
resulting expression with respect to n for the measure |n|~" dn. We see then
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that
By (f'*P) < By (f) + A\ A, /A"

When 1 € a < 2, the proof is more complicated. There are now three
terms in the identity analogous to the one used in the case 0 < a < 1:

Af,(e’<"”'>f)(x) - (Af'f(x))e'("*"”')
+ ei(x,h)(f(x) _ f(x — n))(eK"’h) _ e—i(mh))
+f(x)ei<x,h>(ei(n,h> + e—i(n,h) _ 2)

The estimate which follows from this is
A% A, <[4, + 20 ¢ —n) = A lsin <n, B)|

+ 2| A),|1 — cos {n, B))|.
If we calculate the B norm of e“**f as above, the first term on the
right-hand side gives us B"‘ »(f). Since |1 — cos x| < min (3 x2, 2), the third
term is dominated by || f|| P|h|"‘ The main difficulty is with the second term. It
is estimated by noting that f € Bz 'and 0 < a—-1<lforI<a<2.In
this case

J(re =) = Al lsin <n, B|/|") | ™" e
L[, A== /)
+ 2N T

Inl > 14|
Ipa— 9,714,
<|A"Byg " () + 27| eIl

when a = 1, we use the fact that f € Bp'q c Bqu—s for any & > 0 and estimate
the second term by

e SC = = Al ) T 2 A [l e
tnl <Al ™" Inl >4l
<|AMBp* (f) + 2 AGHAI"
In this estimate we have taken 0 < 8§ < 1 and used the fact that for 0 < x <
1, x® > x. This estimate finishes the proof in the case 0 < a < 2. Now it is
easy to prove by induction that if m < a < m + 1, f € By, then e“*¥f €
B"‘ for every h € R". The case m = 0 has been proved above If the result is
true for m, consider an index a such that m + 1 < a < m + 2. Since f €

B, the inhomogeneous Besov space, f and Dif (j =1, ..., n) are in By,

where D,f(x) = (1 /9)9f(x)/dx;,. By the induction hypothesxs, fe'* and
(Dyf)e ™" are in B~ for all k. Since
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D,(e501) = e P(Df) + he,
Dy(e"*®f) € Bz 'forj=1,2,...,n, and it follows that e***f € B2.

The proof of the converse is more direct and can be given at one stroke.
Since B2 C B2, for any g, it is enough to prove that if e *Pf € B2 then
fe L”(R"), smcc By, = B"‘ N L? for a > 0. Let k be an integer > a and
recall that g belongs to 1ff llA%g|l, < A|n]*. Recall that by definition

k
A:(ei(x,h)f) = 2 (l;)(_ l)k—jf(x +j.q)ei(x+f'n,h>,
0
and multiplying by e ~***> gives
k
—ix. i{x k —Jyd i
emrempsfersmp) = 3 ()= 1) g e + )

where w, = e¢“™®_Fix n and choose kg, h,, . . . , h, such that w, = w/, where
wk*l=1but w s 1forj=1,...,k Let A4, =e ““mAL(e“~m)) and
an easy calculation gives Z¥ A, = (—1)*(k + 1)f(x), which allows us to
make the estimate

—1 $ . 1 < pa ix,
1A, < k+ 1 %"Am"p< k+ 1 [2 By, (e"*"f)

REMARK. Note that the choice of the ; depends on 7, and if we make no
assumption on the behavior of B2 (e ">j) as a function of A, we cannot
make the estimate of the L* norm of f explicit. It seems that the possible
estimate is of the nature of

Biesrn < S BTHOM AL

0<k<a

[l

With the behavior for a > 0 completely settled, we turn to the case a = 0.
In this case the Littlewood-Paley properties of the homogeneous Besov spaces
play a critical role.

THEOREM 1.2.
. LP(R"), 1<p< oo,
BO R") =

‘ﬂpoo( ) {%(R"), 1=P

Here 9N denotes the space of integrable measures on R".

Our approach is to derive an estimate of the L? norm of the temperature
with initial value e™”f. For this, we need an estimate of an extension of the
fundamental solution of the heat equation to complex n-space. It is clear that
the result below can be generalized to estimate W (x, 5) = (47s)™"/%exp(— x -
x/4s), x € C", Re s > 0, but we do not need the result in this generality.
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LEMMA 1.1. Consider the function f(x) = W(x + 2ish, s), s > 0. Then, if
a>—n/p,1<qg<o,orifa > —n/p’,q=oo,f € B, and

By(f) < A(1+Vsh+ - + (Vs (B Js o2,

where k is the smallest nonnegative integer greater than a/2, and A, c are
independent of f.

Proor. The temperature with initial value f is
u(x, 1) = W(x,t + s)exp(—isCh, x)/t + s)exp(s2|h|2/t + 5).
Consider first « < 0. The B norm of f is (f&[t~*/*M, (u; 1)} dt/ 94, and
an easy computation gives
M, (u; t) = B, exp(s2|h|2/t + s)(s + 1) ",

For 0 <t <2s, t ¢ 2M‘,(u; f) is bounded above and below by
t~%/2%5 ="/ % exp(cs|h|?) and this gives a convergent t-integral for all g. For
t > 2s, we can bound ¢ ~*/2M(u; 1) < Ct~*/2>~*/% and the right-hand side is
inLYiffa> —n/p'if 1 < g< woriffa > — n/p’if g = co. While there
is no corresponding lower bound, direct inspection shows that if « < — n/p’,
1< g< oo,0rifa < — n/p’, g = oo, the integral (or supremum) is infinite.
In this case, the norm of f is estimated by B2 (f) < As~*/2~"/# exp(s|h[).

For a > 0, let k be a positive integer > a/2. An equivalent norm on B, is

given by
1/q

(j(;w[tk_a/sz(a‘ku; t)]qt_l dt)
The formula for u was given above; apply Leibniz to it and it follows that
a,ku(x, t) = 2 Cklkzk]a,le(x, t+ S)a’kz'
kl + k2+ k3- k
- exp(—i{s, h)/t + s)dfexp(s?|h|*/t + s).
One checks easily by induction that

exp(+isCh, x)/t + )3 (exp(—isCh, x)/t + 5))

k

= 2 Glsh X)) (e + 9™

j -
and

k . ,
exp(-—s2|h|2/t + )9/ (exp(s2|h|2/t + s)) = gl bj(s2|h|2)j/ (t+s)"*7

Substituting these expressions and the formula derived in [10] for 3<W (x, ¢
+ 5), it is clear that 3 u is a finite sum of terms of the form
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(|x|2/t + s)i'(t + ) W(x, t + .s')(.s'2|h|2)j2
(8 + 5) (s XDY (L + 5) TR
-exp(isCh, x)/t + s)exp(s?|h|*/t + s),

where 0 < j, < k,, 1 < j, < k,, 1 < j; < k;. The L? norm in x of such an
expression is bounded by

(t + s)—lc—IJ'I—n/2+n/2Ps2jz+j,|h|2jz+j3sj, +j’/2exp(s2|h|2/t + s),
with |j| = j, + j, + j;. Near the origin (in ¢-coordinates) such an expression
is bounded by
s—k—|j|—n/2+n/2p+j,+2j2+(3/2)j3lh|2j2+j3 exp(s|h|2),
so that multiplication by #*~*/2 and integration with respect to ¢! df from
say ¢t = 0 to ¢t = 2s gives a contribution of
s—a/2—n/b’sj2+j3/2|hlzjz+j3 Cxp(s|h|2)-
Near infinity (¢ > 2s), the L? norm in x is bounded by
t—k—|j|—'n/2+n/2p'(slh|)2jz+jzsj,+j3/z exp(§s|h|2),

which after multiplication by 1%~ %/2 and integration from 2s to infinity gives
a term of the form

s_a/z_n/zpr (Slh'z)jl +jJ/2

provided —a/2 — |j| — n/2p’ < 0, which in the worst case, is the require-
ment that a« > — n/p’ (the term is bounded if a > — n/p’). Adding these
two terms, we see that if « > 0, > —n/p’ 1< g< o) ora > — n/p’
(¢ = ), then

. 3k/2 )
B (f) < As™e/2/% exp(slhf’) 3 (slAf’)
j=1

where j ranges over integers and integers + 1/2 in the indicated range.
With this result, it is easy to give an estimate of the L? norm of the
temperature with initial value e **f.

LEMMA 1.2. If e"*Pf € B2 (R™), « < 1, then

(fIWz . (ei<x,h>f(x))|p dx)l/p

j=-1

. . i 1 ) 3k/2-1 "
<4 B,,"w(e'<"'">f)(— + )+ Bo(f) 3 (an) e

fh> Vi jh|
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PrOOF. Since a <2, we must form V,(x,?) = W, + e“*f and study
¥,/ 3t in order to compute the BZ, norm of e“**. It is easily checked that
aV,/dt = W, = A(e**"f) which can be rewritten as

th 2,ix, 7 0 i .
T =W, » (Ihl e ’h>f+ 21? hj-é—;(fe"") + e""'Af

J

=RV, (x, £) + 23 W, » é’;(fe«x,;.)) W, e e
Jj .

J

which allows us to express ¥V, in terms of 9V}, /dt by
v, n i .
V(% 0) = == =20 3 W, s 2 (fe™) — W, « e,
ot = 0x;

We must now compute the norm of each of the terms on the right-hand side
in terms of the B, norm. The first term is straightforward and

M, (3V,/3t,1) < B, (e"=Pf)re/2-),
and since (3/3x}(e’**f) € By, anda — 1 <0,
M‘p ( W, s (a/axj)(fer,h))) < Bpaw (feixh )t(a— n/2,
Lemma 1.1 can be applied to the third term if we rewrite it as
Wy(x, 1) = W, x e“PAf = e—rlhl’ei<x,h>g . Af,

where g(x) = W (x + 2ith, 1). Observe that Af € 3;; 2 and that for any p,
By, C L?(R™), and we get the estimate

a2 )
M, (wy; t) < e” | g« Af]|, < Ae™ ") g » Af]| 50
2
< Ae™ ") g ga-<|| A oz

Sincea < 1,2 — a > 1 and when we apply Lemma 1.1 there results
O P — (- 2V \ g
M, (w; 1) < Ae™ "l gkl ~(@=a)/ %(qh] ) )B2. (f)-

Collecting these three terms together, we have

|h|2Mp(Vh; l) < ABpaw(er,h)f)[ta/Z—l +lh|t(a—l)/2]

+AB.:°° (f)ta/z—l § (t|h|2)j’
0
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or finally,

« a ilx, 1
M(Vh,t)<AI/2{B (e<h>)[\/__|h|+W]

B:w(f)t—l,‘?(é(wy’)}.

This concludes the proof of Lemma 1.2.

We would now like to let # — 0 +, but the right-hand side is not suitably
behaved; we will need to make a judicious choice of h = h(f).

ProoF oF THEOREM 12. Suppose ef € B, for each h € R" and
B2 (e"*®f) < ABP,(f). Lemma 1.2 gives in this case

”W, * (ei<x,h>f)llp< AB, (f)[ +1+Vt |h|+t|h|2

1
tjh’ " Vi A

In particular, we can apply this estimate to e’™f, which gives

[W, + 21|, < 4By ("™ ">f)[ —I’T + -+ thf
t

< 4, m(f)l ——+---+ ’Ihlz}’
th|?

where ¢ = h + 1. Choose & = h(t) such that ¢||* = 1, and since everything is

independent of n, choose n(f) = — h(¢). We see that

W, * A, < 4" Bpo (f)-
Now well-known results [8] imply the conclusion of the theorem.

The above proof is somewhat technical; we give another simpler proof of
some special cases, which is based on a result of interest in its own right.

LEMMmA 1.3. 1BMO = L*

PrROOF. Since L= ¢ BMO and L* is invariant under multiplication by
characters, one direction is obvious. For the converse it will be shown that if
e'*Pf is of bounded mean oscillation for all h, the constant in the definition
of BMO can always be taken to be zero and thus f € L*.

Let Q be a cube in R", and f, g be arbitrary functions of bounded mean
oscillation. Denote

1/2
Jfo= |Q| ff(x) dx,  |flle= supQ( |_é| j;zlf(x) ‘fQ|2 dx)
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and observe that

(f2) o= fogo = |_<12| fQ [£(x) — f,] 8(x) dx

- I_a L6 = 1o )8 -~ 80) .

which gives by Holder’s inequality |(f2)g — fog0| < IIfllll glls- If we apply
this inequality to e**, it is clear that

|_é| Llei<x,h>f(x) _ (ei(x,h>)QfQ| dx

1 ix ilx. ix, o,
< T'Q"l fQI(e < ,h>f)(x) — (e < Jx)f)Ql dx +|(e < h>f)Q — (e < h>)QfQ|

< Ilei<x'h>ﬂ|* + ||ei<x’h>"t||j"v
and if || e“*Pf||, < A||fl|,, We see that

1 i<x,h) i<x,hy '
e" B f(x) — (e™™ dx < A .
Choose h(Q) such that (e“**), = 0, and then

o L@l < 4l

Since A’ is independent of Q, Lebesgue’s theorem on differentiation of the
integral gives the result.

This lemma allows us to prove the next result which includes Theorem 1.2
in some special cases.

THEOREM 1.3.

P n
nCo(H', L?) = {L (R"), 1<p< oo,
OM(R"), p=1

It is known [9] that Co(H', L?) = BY, when 2 < p < oo; in the case
1 < p < 2, there is an inclusion but the above result applied to the inclusion
gives no new results.

PROOF OF THEOREM 1.3. One direction is obvious. Suppose that e *#k €
Cu(H', L?) for every h € R" and that its norm as a convoluteur is bounded
independently of h. Note first that a distribution T which maps H' — L”
boundedly will also map L” — BMO and satisfy || T(g)llpmo < 4l Tl || 8l
Fix g € L”. From this remark, we know that k * g € BMO; we will show
that e“**(k » g) is also in BMO. Indeed,

ik o g(x) = <ei(y,h>ky’ ei(x—y.h>g(x - y)>,
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and thus e’*?k » g € BMO and
le "k * &)|ppo < Alle K]l lle**ell, < 4| 81K -

By Lemma 1.3, we see that k * g € L*(R") and ||k * g||,, < A”||k]| || gl
which proves that k € Co(LP(R"™), L°(R™)) = Co(L'(R"), L?(R")) which is
the result.

Another interesting consequence of Lemma 1.3 is the following characteri-
zation of L™ in terms of L? properties of the temperature associated with a
bounded function.

PROPOSITION 1. Let f be a distribution in &' and u be the temperature
associated with f. Then f € L™ iff for every h € R",8 > 0, xy € R",

P qu(e e Wu(x + 2ih, ) dr dx< Con
0 Ylx—xo|<d

ProoF. This follows from Lemma 1.3, the fact that the temperature with
initial value e’*®f is e ®Me~ly(x + 2ith, f) and the characterization of
BMO in [3].

The next result, properly speaking, belongs in §2 but is included here
because it concludes the (short) list of Besov spaces for which we can
characterize pr"‘w. The methods are based on the Fourier transform and the
use of the K, spaces. We need two auxiliary results.

LEMMA 14. K7, C Ly, if a < n/p’.

PROOF. An equivalent norm on K, is provided by
sup, t~B=9(f ., . |x|PP| f(x)|P dx)'/? for B > a [S5]. If @ < n/p’, choose a <
B < n/p’ and estimate

[ Jeolax < (£, weorry dx)w( [ dx)/

‘ 1/p
< K, (e (w,.fp"*"*"p"' dp) ,
0
and this last integral is finite since n — Sp’ > 0.
LEMMA 1.5. (@) If f € Bp"w, 1< p<2a< —n/p,then forany R > 0,

~ p' l/p' -
ora) <m0

(b)Iff € B,"/P,1< p <2,1< q< o0, then
1/q

o ) , q/p .
e rer af o] <o
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PROOF. (a) Since a <0, u(x, 1) =f+ W, satisfies 1~/M,(u; 1) <
ABZ. (f), and by Hausdorff-Young we get t~*/*M,(@; 1) < ABS(f). The
left-hand side can be estimated from below by

N N v
M, (i;t) = (fle—tlflf (g)r' d§) > ( |e—'l€|f (g)l” df)

f|e|< 1/Vi

, 1/p

>e! FOf d ) .
('/|.£|<|/‘/;|f (g)l ¢
Let R = 1/Vt and we can rewrite this as

1/p
(f |f (£)|p’ d£) < eM, (i4;1) < AB,,":,o (HR~=
€I<R
(b) The argument is as above, but we begin with the fact that
00 q /e o
(fo [¢72M, (u; 1) ] ¢ dt) = B2 (f)

and proceed to

1/q

(fow[t“'/sz,(ﬁ; ]t dt) < BL(S),

1/q
o ) » 1/p
-a/2
[t or

A change of variables  — s = 1/ V¢ gives the result.
There are two applications of Lemma 1.5, one local and one global. The
global application is to the determination of #B,.

RY=0),ifa< —n/porifa< —n/p,1<qg<

t~'dt| < eB%(f).

THEOREM 1.4. 7B2,
00, for 1 < p < 2.

PrROOF. For a < — n/p’, we may assume that g = oo since By C B, If

fEm™ 'p";, we see from Lemma 1.5 that

. 1/p ] ‘ ‘
(f|e|<x|f €+ nf dg) < ABZ (e "*Mf)R~* < ABZ, (/)R

Raise this inequality to the p’th power (1 < p < 2) and change variables and
we have

1
b,R™ Jie_n<r

|f @F dt < 4782, (f) R~ .
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Note that f € K, C Ll by Lemma 1.4, and hence almost every point of
R" is a Lebesgue point of f. Letting R —0 + at the Lebesgue points gives
f (h) = 0a.e., or f = 0 as a distribution. (If p = 1, the result is trivial.)
Forl1< g< wandf € EPTOZ/P', Lemma 1.5 gives
1/q

wf 1 ) , a/p .

At a Lebesgue point of f (one can agam check that f is locally integrable), the
inner integral can converge only if f (h) = 0 so we again conclude that f =0
as a distribution.

The lemma can also be applied locally in A, and then gives a sufficient
condition for a distribution f to have a spectral gap.

COROLLARY 1.5.1. Suppose that for |h — a| < 8, e *Pf € B"‘ 1< p<
2Z,a< -n/pifg=ora< —n/p ifl <q<ooandB“(e"<"">f)<
AB"‘(f)for |h — a| < 8, Then f has a spectral gap at a.

Unfortunately the analogue of Theorem 1.4 is definitely false for some
p > 2. For example B2 (R") contains the subalgebra {e’**|h € R"} for
any real a.

There are various applications of these results which will be collected in §3.

2. Translation invariant subspaces of K. The main gap that remains in our
results is for indices a such that —n/p’ K a <0 and a =0, 1 <g < oo.
Some indirect information can be obtained by taking Fourier transforms and
studying the translation invariant subspaces of K,

Our first result is an inequality giving a lower bound for the norm of the
translates. This inequality is sharp enough to solve our problem in several
cases.

THEOREM 2.1. Suppose that 7,f, T_f are in K, for some measurable function
S, where ais real and 1 < p, g < o0. It follows that, forany B > a, B > 0,

1/q

s » q/p
'hl flhl( ¢ ~P(B—a) M“lf(z)l dz) =V dr

< A(KS (nf) + K5 (_4f)).
Here A is independent of f and h but depends on all the other parameters. The
obvious interpretations are to be made when p = o0 or ¢ = 0, e.g.

1/p
sup t_(p_“)|h|ﬂ(£2I<tV(z)|p dz) SA(KL(1f) + K2 (1_4f)).

> |A|
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PrROOF. If B > a, it is proved in [5] that an equivalent norm on K is given
by

/p 1/q

Ko (f) = [j(;w(t—p(ﬁ—a) IJCI<’|*"|1!’B|f(x)|p dx) t~'dt

and we apply this norm to 7,f and change variables. This gives

’

1/q

o a/p
[f (t""ﬁ‘“) Iz + BPP|f (2)f dz) t~'dt
()} lz+hi<t

For the moment we are assuming that p,q < o0. If {z, h) > 0, it is easy to see
that |z + A[|z| + || (in fact, (1/V2 X(|z| + |h|) < |z + k| < V2 (|2 + |h)).
If the integration is taken only over this smaller set, it follows that

q/pP

[7ra-f e mser ‘”] < K ()"
0 lz+h <t
{(z,h)>0
This is also valid for — A which gives
q/p
JAN Lot N MOy “2] A< ARG ()"
0 lz—h|<t
{z,h><0

Next we observe that if E;, = {z| |z + h| < t,{z, h) > 0}, E,, = {t| |z — h|
< t,{z, h) < 0}; then if |h| < t/2, {z| |z| < t/2} C E,, U E,, and hence
one sees that

a/p
®l —p(B-a) h PR dz) 1 g4
j;|h|(t j|;|<’/2(|z|+| ) |f(z)l' 1~ dt

< A'(K% (mf)T + K2 (1_4f)9).

A final change of variables in ¢ gives the result.
It is easily checked that only trivial changes need be make to get the resuit

if p or q is infinity.
This result is first applied to the special case p = g.
THEOREM 2.2. If a is nonnegative and 1 < p < . Then 7,f € K, for every
h € R"ifff € L? n K, and one has
Em [ K3 (1f) + K5 (7-a) ]/ 1H" = |l

|hl—>00

im [ K3 (1) + K5 (1_4f)] = K5 (f)-
[h—0
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PrOOF. One direction is immediate if we note that if f € L? N K, then, if
a0,

ks 1) = (1705 = W oGy ax)

» 1/p
< 23 ( 15 (™ + 1) )
< 2°K5 (f) + 2%
Thus, we obtain
K (nf) + Ky (1_4f) < 227 K5 (f) + 224 R | A,
and the upper bounds follow.

Conversely, for any a real, if 7,f € K, for all h € R", we apply Theorem
2.1 and deduce that for any 8 > a with 8 > 0,

lhr’”( fl,:[r"‘”-“’ el dz]t-' dt) < AP[KS (f) + K (roa) ],
z{< ¢t
and the left-hand side is

e |f<z)|”( [, o7 dt)dz

—p(B—a) P, _—p(B—a)
=l O d [ S e
We see then that
Sy @1 de < ALKS (f)” + K (oY 1/
and taking the pth roots and the limit inferior as |h] — oo gives the estimate
1N, < 4 Lm LD )

|Al—o0 |h|a
The corresponding inequality for the K, norm of f follows by direct substi-
tution.
In the next result, we characterize those f for which the translates behave in
an expected manner in the range for which we were not able to give the
corresponding results for Besov spaces.

THEOREM 2.3. A function f has the property that 7, f € K, for all h € R"
with norms bounded independently of the translate:

@) if a = 0,iff f € L? and || ||, ~ sup,KSu(rf),

®if —n/p < a < 0,iff f € L7~ and || f|| ~ sup, Ko (4f),

(©ifa=—n/p,ifff € L and || f|| o, ~ sup, Ko /P(1,f),

Difa< —n/p,ifff=0.
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For a > 0, our assumption would imply that f = 0 also, but this is because
we are not being flexible enough in the form of the dependence on A.
Property (b) indicates (and (d) confirms) that asking this form of translation
invariance is a stiff requirement. Property (c) gives an unexpected link with
the Morrey spaces, which although valid for —n/p < a < 0, does not hold
fora < — n/p since L?" = BMO # L*. It will follow from the proof below
that f € L7~ in all cases and that the constant which occurs in the
definition of the L”* spaces can always be taken equal to zero, which is
known to be the case for —n/p < a < 0. Moreover, it is easy to see from the
proof that (d) remains valid fora = — n/p, 1 < ¢ < oo.

PROOF. We can write the conditions of Theorem 2.1 in the form

1/p
lhl”f“”'")(flz|<,|f(z)l’ dZ) < A(Kz (1) + Ko (14),

for t > |h|. We will take 8 = a + n/p and use only the result for z = |h|. For
a = 0, we get

1/p
(f.,,<.h.|f @r dZ) < A(K (f) + Ko (7)),

with h arbitrary, which shows that || f||, < 4 sup, K> (7,/). Fora = — n/p,
we get

1/p
(l/1h|"£z|<|h||f(z)|p dz) < 4 sup, K, 777 (n,f),

and since this will also be valid for 7f, it follows from Lebesgue’s theorem on
the differentiation of integrals that f € L* and || f]|,, < sup, K,~ /P (1,f). If
—n/p < a <0, we have

1/p
(fh.q'f @r "Z) < A[sup, Kz, (nf)]R ™,

and since this holds for 7,f, we see that f € L7~7%.

In each case the converse is easily checked.

A particular corollary of this result is a complete characterization of 7BS
forp =2, q = 0.

COROLLARY 2.1.1.
(a)
(fe&|ePre Bs., with B, (e"™Pf) < A,(f) + Ay(f)|h|", Vh)
= B{ (R"), a>0,
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(b)
{f € &'|ei*f € By with B (e"*Mf) < AB3. (f), Vh}

L*(R"), a=0,
_JFL?> 22 —p/2<a<0,
FL>, a=—n/2,
{0}, a< —n/2

3. Applications. Our first application is the one that motivated this paper.
The first result was proved in [9).

THEOREM 3.1. Co(L?, L9) C B/$/?7Y,ifp < ¢.
For p > ¢, there is a better result. It now follows from Theorem 2.3 that
THEOREM 3.2.

oo

L, =g<2,
M(L?, L) C ., 771
LY 1 <p<qg<2

ProOF. It follows from Theorem 3.1 that since ¢ < 2, M(L?, L9 C
K7Q/?~". Theorem 1.13 of [7] implies that M(L?, L?) is invariant under
translations, which yields M (L?, L9) C qu’!f,',/P ~D, The result follows from
Theorem 2.3 if we note that whenp < ¢, —n/q¢' < n(1/p — 1) <0.

COROLLARY 3.2.1. Co(L? L?) is the maximal subspace of B;,?/* invariant
under multiplication by characters.

It was this corollary which led the author to hope that for 1 < p <2,
Co(L?, L? would be the maximal subspace of B}{/P~" invariant under
translation.

The next result explains why it seems unlikely that there is equality in
Theorem 3.2 for ¢ =2, 1 < p <2. The result seems to say that the
information in Theorem 3.2 follows from applying the definition of a
multiplier to radial nonnegative functions. It also provides a kind of maximal
estimate for multipliers involving “arbitrary” rectangles, as well as cubes.

PROPOSITION. If m € OW(L?, L9), q < 2, then for any rectangle R in R",

q Ve 1/p’
([m@I &) < g iR
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Proor. For f € S, F~(mf) € L9, and since g < 2, it follows from the
Hausdorff-Young inequality that

(fimaf @ ) < apmp 10,

The inequality is also valid for any f € L?; in particular, for f = Xg> the
characteristic function of a rectangle, which gives the result.

Our next theorem is the affirmative part of the answer to an old question of
Peetre [15). Peetre asked whether a linear translation invariant operator which
was such that for some p, 1 < p < 00, T: B}, > B3, 0<s< 0,1 < g< oo,
necessarily mapped L? — L?. It was shown by Stein and Zygmund [19] and
by Littman, McCarthy and Riviére [13] that the answer was negative. They
did this by constructing (on the torus) an element of BY (T) which did not
map L? — L”. A similar example on R"” was given by Riviére [18]. Our next
result shows that a simple property of convoluteurs of L? not immediately
shared by convoluteurs of B, characterizes these operators.

THEOREM 3.3. Let 1 < p < 0. A convolution operator T: Bp’q - B;q, Sor
some s >0 and —s, 1 < g < oo, maps L? — L? iff Vh € R", ' *OT maps
B, — B, and B, — B, °.

PROOF. If T: L? — L?, then by Theorem 1.13 of [7] e/*¥’T: L? — L? for
all 4, hence, by Lemma 5 of [10], e™*T B;q N Bp’q, for all real s.

_Conversely, if there is an s such that eixmT! B;q N B'P’q, LS Bp;‘ -
B,* then, by interpolation, e“*®T: BS, — B, and since this holds for
q = oo, the result follows if we prove the next theorem.

THEOREM 3.4. Co(L?, L9) = (K|e“**K € Cv(BY,, BY,,), Vh € R"}, and
K[| = sup, [|e“K].

PrOOF. The inclusion C follows by Lemma 5 of [10] and an application of
Theorem 1.13 of Hormander [7].

The converse inclusion is proved in the following way. Let e“*®K €
Cv(B,, BY,,) for every h € R" and let M = sup, ||le“**K||. Take f €

p oo

L?(R"). Then e’*»f € L?P(R™) C B®,(R") for every h and thus
ei(x,h)(K *f) = ei(-,h>K * ei(-,h>f e Bgeo (Rn)
and

Bro(e'“P(K + 1)) < MBy,("*f) < M| f|,

If ¢ > 1, we apply Theorem 1.2 and we see that
1K * Al < 4 supy Boo (" (K +f)) < M| f),.
Ifg=1,p =1and Co(B?,, B% ) = BY..Both sides are M (R") in this case.

loo?
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In the language of Peetre’s book [17], while the imbedding C, — B%( G)is
not onto, we do have
W(Bow(Cp )) = C,.

The third application is to characterize the Fourier transform image of the
Morrey spaces, in the only case for which you would expect a
characterization.

_THEOREM 3.5. If 1< p<2, fELP’, n> B >0, thn e*Mf e
BpTef/”(R ") for every h € R" with the norms bounded independent of h. For
p =2, %: L*# > aB; #/? is an isomorphism.

Our fourth application is to obtain an improvement of a result proved by
Herz [6] and Kellogg [11].

THEOREM 3.6. If 1 < p < 2,f € L?(R"), then for any B > 0 and for any A,
1/2

2/p
AB oo(t“""” F () dz) tVdt| < Agifl,.
[ TN G A ol

ProOF. For f € LP(R"), e“*#f € L?(R"™) and thus 7,f € K2, for each
h € R" and

suph“Thf < S“Ph||ei<x’h>f"p= (=

Finally we note that Theorem 1.4 provides a proof that there are no
nonnegative elements in some of the Besov spaces.

THEOREM 3.7. If 1< p<2, a< —n/p, 1< g< o or a < —n/p,
q=o00,and p > 0, p € By (R"), then p = 0.

PrOOF. If p > 1, a will be negative and we can use the fact that fora < 0,
W, (e5Pu)| < W+,
and, consequently,

By (e" ") < By (m).
It follows that for every h, ey € B2, and by Theorem 1.4 p = 0.

If p = 1, this argument will work for ¢ = o0, and for 1 < ¢ < o0, a < 0. It
remains to consider a = 0.

For g = 1, that u = 0 follows since p € B{, must be integrable with mean
value 0. If 1 < ¢ < oo, thereisa Ksuch that p+pu * - - - * p (K times) €
BY,andthusp* --- s p=0=p=0.

Our final application is to the study of multiplicative properties of homo-
geneous and inhomogeneous Besov spaces. Herz [6] has proved a number of
such properties for homogeneous Besov spaces. It is not obvious that they
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carry over to inhomogeneous Besov spaces because of the added global
constraint. Theorem 1.1 allows us to give an easy extension of these results to
inhomogeneous spaces.

THEOREM 3.8. Suppose 0 < B<a<n(B<aifl/q>1/p— B/n) and
p<n/B(p<n/Bifg=1,1<g<0w,1<p< o0 Then By, \Bf, C B
and B}, ,BE C Bf.

PrROOF. Observe that 7.X - Y C w(XY).
This result gives an improvement of some results of Peetre [17].
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